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Abstract

We study normal forms for families of area-preserving maps which have
a fixed point with neutral multipliers £1 at ¢ = 0. Our study covers both
the orientation-preserving and orientation-reversing cases. In these cases
Birkhoff normal forms do not provide a substantial simplification of the
system. In the paper we prove that the Takens normal form vector field can
be substantially simplified. We also show that if certain non-degeneracy
conditions are satisfied no further simplification is generically possible since
the constructed normal forms are unique. In particular, we provide a full
system of formal invariants with respect to formal coordinate changes.

*This work was partially supported by a grant from the Royal Society.



1 Introduction

The theory of Birkhoff normal forms provides a powerful tool for studying the
local dynamics (see e.g. [1, 8]). The normal form theory uses changes of variables
to transform a map or a differential equation into a simpler one called a normal
form. It is well known that the change of variables is usually not unique and
the freedom in its choice can be used to achieve further simplifications. In this
paper we consider several problems where these additional simplifications play the
central role in the analysis of the normal form and, under certain non-degeneracy
conditions, construct unique normal forms.

Similar results for flows on the plane were obtained by various authors follow-
ing the paper by Baider and Sanders [2]|. In this paper we follow a rather classical
approach to the problem. In particular, we follow Takens [10] in the approach
to normal forms for maps, the simplification procedure is based on the notion of
a linear grading function introduced by Kokubu et al. [7]. Finally, we use Lie
series for constructing canonical changes of variables which are preferable [4] as
it generates formulae which are easier for implementations.

We note that our procedure is based on a simplification of the Birkhoff normal
form. The characteristic property of the Birkhoff normal is a symmetry generated
by the linear part of the original system at ¢ = 0. Therefore our results can be
directly applied to systems which posses the same symmetries independently of
their origin.

In the paper all theorems are stated for families of maps, but the assumptions
of these theorems can be satisfied by an individual map £y which can be obviously
considered as a family which is constant as a function of €. Therefore all theorems
can be used to make conclusions about Fj by setting € = 0 in the corresponding
equations.

1.1 Orientation preserving families

Let F. : R?>— R? be an analytic family of area and orientation preserving maps
which depend on a small parameter . Assume that at € = 0 the origin is a fixed
point:

Since Fy is area and orientation preserving det DF(0) = 1. Hence we can denote
the two eigenvalues of the Jacobian matrix DFy(0) by uo and py*. These eigen-
values are often called multipliers of the fixed point. The Birkhoff normal form
depends on the values of the multipliers.

If pg is real and |po| # 1, the fixed point is hyperbolic and Moser proved that
the Birkhoff normal form is unique and analytic [9]. If pg is not real, the fixed
point is elliptic (obviously |u| = 1 in this case). If the elliptic fixed point is not
resonant, the Birkhoff normal form is unique. In the resonant case, the unique
normal form was recently obtained by the authors [5].
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In this paper we study the case of a parabolic fixed point with py = g ' = £1.
Though the word “parabolic” is often used for a generic fixed point with g =1
only. If the Jacobian matrix is not diagonalisable there is an area-preserving linear
change of coordinates (i.e., defined by a matrix with the unit determinant), after

which we have
Mo @
DFy(0) =
0( ) ( 0 No)

with a = +1. A reflection in the vertical axes changes the sign of a. Therefore
without loosing in generality we assume

DFO(O):/L()(é 1)

If 49 = 1 the classical theory of Birkhoff normal forms does not provide any
simplification for the map since all terms of the Taylor expansion are “resonant”.
On the other hand, it is well known that F. can be formally interpolated by an
autonomous Hamiltonian flow, i.e., there is a formal Hamiltonian such that its
time-one map coincides with the Taylor series of the map:

F.=a,

where @}LE is the time-one map generated by the Hamiltonian h.. In particular
h. is a formal integral of the map: h. o F. = h.. Generically the series h, diverge
[6]. The formal interpolating Hamiltonian can be substantially simplified.

Theorem 1 Let F. be an analytic (or C*, or formal) family of area preserving
maps defined in a neighbourhood of the origin such that Fy(0) = 0, DF,(0) has a
double eigenvalue jig = 1 and is not diagonalisable. Then there exists a canonical*
formal change of variables such that

Fa:¢gloq>}lzgo¢a
with
Yy
he(,y) = L+ Vi) (1)

where

U(x) = Z Upm ™

k+3m>3

15 a formal series in two variables.

This form of the interpolating Hamiltonian is very convenient for studying
bifurcations. Indeed, a truncation of the series h. provides a good approximation

' Possibly reflecting the orientation



for the map. On the other hand, the phase portrait of a Hamiltonian written in
the form (1) is easy to analyse.

Under an additional non-degeneracy assumption, a further simplification of
h. is possible and leads to the unique normal form. The coefficients of the unique
normal form are invariants of the map under formal (and consequently analytic)
changes of variables. It is interesting to note that the unique normal form still
contains infinitely many coefficients. Consequently the number of independent
formal invariants is infinite.

Theorem 2 Let F. satisfy the assumptions of Theorem 1. If there isn > 3 such
that ugg = 0 for all k < n and b := uyg # 0, then there exists a canonical formal
change of variables such that h. takes the form (1) with

Us(z) = bz" + Z U Fe™.

k+nm>n
k#—1 mod n

The coefficients of the series are defined uniquely by the map F.

We note that for ¢ = 0 the theorem follows from the previous one in com-
bination with the result by Baider and Sanders [2] who proved that a planar
Hamiltonian with a nilpotent singularity has the following unique normal form

2
hg = % + Z bk.Tk s
k>n
k#—1 mod n

where n corresponds to the lowest non-vanishing order, i.e., b, # 0.
In the case of g = —1 the Birkhoff normal form is odd in (z,y) and the
Takens normal form vector field is described by an even Hamiltonian.

Theorem 3 Let F. be an analytic (or C*, or formal) family of area-preserving
maps defined in a neighbourhood of the origin such that Fy(0) = 0, DEFy(0) has
a double eigenvalue g = —1 and is not diagonalisable. Then there exists a
canonical formal change of variables such that

F5:_¢;10(I)11150¢57

where

2
he(z,y) = % + U.(x) with — Ug(z) = Z Upm 2™,

k4+2m>2

Moreover, the coefficients of the series are defined uniquely by the family F..



It is interesting to note that in this case the uniqueness of the coefficients does
not require any additional non-degeneracy condition.
Finally we consider a family with diagonalisable D Fg(0).

Theorem 4 Let F. be an analytic (or C*°, or formal) family of area preserving
maps defined in a neighbourhood of the origin such that Fy(0) = 0, DEFy(0) has a
double eigenvalue g =1 or pg = —1 and s diagonalisable and a non-degeneracy
condition is satisfied. Then there exists a canonical formal change of variables ¢.
such that

F&‘:MOQSE_IO@}LEOQZ)E
with
he(z,y) = 2y® + az® + A(z,€) + yB(xy?, ) , (2)

where A and B are formal series of the form

Z ™™ | B(zy?,¢) Z bm (2y?) (3)

k+3m>4 k+m>1

If o = —1 the formal Hamiltonian h. is even.

Note that this theorem does not include the uniqueness statement. We will
prove that the coefficients of the Hamiltonian h. are invariant under formal
tangent-to-identity canonical changes which preserve the form of the series. Un-
like the previous theorems the uniqueness of the normal form does not follow in
the case of a negative a because there are two linear changes of variables which
do not change the form of the leading part of the series but may affect higher
orders. As a result there are possibly three different h. corresponding to a single
family F.

1.2 Orientation reversing families

Now let us assume that F. : R2— R? preserves the area but reverses the orienta-
tion. Similar to the previous subsection we assume that at ¢ = 0 the origin is a
fixed point:

Since det DFy(0) = —1, we can denote the multipliers of the origin by o and — g *.
Since Fj is real, both multiplies are necessarily real. We expect that in the hy-
perbolic case a result similar to [9] should be valid. In this paper we consider the
parabolic case which corresponds to jip = —1. Then there is a canonical change of
coordinates which diagonalises the Jacobian and we can assume without loosing

in generality:
-1 0
pro=( 1 0.



According to the classical normal form theory, the Hamiltonian of the Takens
normal form vector field is an odd function in z, i.e., h.(—xz,y) = —h.(z,y). The
formal series hg starts with cubic terms, therefore in the leading order

ho(x,y) = bry* + az®.

This Hamiltonian has the same form as in the orientation-preserving case with a
diagonalisable Jacobian. This similarity leads to the similarity in the structure
of the normal form.

Theorem 5 Let Fy be an analytic (or C™, or formal) area-preserving orientation-
reversing map defined in a neighbourhood of the origin such that Fy(0) = 0,
DFy(0) has eigenvalues —1 and 1, and the leading order of the normal form
is non-degenerate, i.e, b # 0. Then there exists a canonical formal change of
variables such that

F. = Diag (~1,1) ;" 0 ®}, o 60,

where
ho(z,y) = zy® + ax® + A(z,e) + yB(zy? €)

where A and B are formal series of the form

_ 21<; 1
E A 2™ | a:y £) E b ( acy g™,

k+3m>4 k4+m>1

The coefficients of the series are defined uniquely by the map.

Structure of the paper

In Section 2 we describe the usage of formal series and quasi-homogeneous poly-
nomials. In Section 3 we prove a theorem about formal interpolation of a map by
an autonomous Hamiltonian. In Section 4 we derive the unique normal form for
the case po = 1 and non-diagonalisable DF;(0). In Section 5 the Birkhoff normal
form is derived. In Section 6 we study the case ug = —1. The case of diago-
nalisable Jacobian is considered in Section 7. Finally, in Section 8 we consider
orientation reversing families.

The results of Sections 3 and 5 are used in the proof of the main theorems
and are included for completeness of the arguments.

2 Formal series and quasi-homogeneous polyno-
mials

In this paper we will be mainly interested in transformations given in the form of
formal power series. We will consider the series in powers of the space variables
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(x,y) and the parameter . The series have the form

E k,l_m
g(l’,y,{f) = CkimT Y €
k,l,m

A formal series is treated as a collection of coefficients. Formal series form an
infinite dimensional vector space. The addition, multiplication, integration and
differentiation are defined in a way compatible with the common definition on
the subset of convergent series.

As the series involve several variables, it is convenient to group terms which
are “of the same order”. A usual choice is to consider z, y and ¢ to be of the
same order. But for purpose of this paper it is much more convenient to assume

e 1 is of order kg,
e y is of order [y,
e ¢ is of order my,

where ko, ly, mo will be chosen later. Then a monomial z*y'c™ is considered to
be of order kkg + lly +mmy (this is a grading function in terminology of [7]). We

can write
g(z.y.6) = gplx,y,e)
p=>0
where
Brye)= > cumttye”

kko+llog+mmo=p

is a quasi-homogeneous polynomial of order p since it has the property
gp(N'a, Ny, \™0e) = Mg, (,y, ¢)

for any A € R. We stress that this notation does not refer to a resummation of
the divergent series but simply indicates the order in which the coefficients of the
series are to be treated.

In order to give a rigorous background for manipulation with formal series
we remind that the space of formal series $) can be considered as an infinite
dimensional vector space equipped with the following metric. Let g and g be two
formal series and let p denote the lowest (quasi-homogeneous) order of g — g. If
g # g then p is finite and

d(g,9) =277,
otherwise

d(g,9) =0.

It can be check that (), d) is a complete metric space. Moreover polynomials are
dense in (9, d). Hence we can define formal convergence and formal continuity on
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the space of formal series. In particular an operator is formally continuous if each
coefficients of a series in its image is a function of a finite number of coefficients
of a series in its argument.

We note that any of the series involved in next definitions may diverge.

Let x and ¢ be two formal power series. The linear operator defined by the
formula

Lyg=19,x} (4)

is called the Lie derivative generated by x. We note that if y starts with an
order p and g starts with an order ¢, then the series L, g starts with the order
p+q— (ko + lo) as the Poisson bracket involves differentiation with respect to z
and y.
If
P Z ko + lg +1 (5)

the lowest order in L, g is at least ¢ + 1. Then we define the exponent of L, by

1
exp(L)g =Y k. ©

k>0

where L’; stands for the operator L, applied k times. The lowest order in the
series L’;g is at least ¢ + k. So the series (6) converges with respect to the metric
d, i.e., each coefficient of the result depends on a finite number of coefficients of
the series x and g.

We consider the formal series

O\ (z,y) = (exp(Ly)z, exp(Ly)y).

We say that <I>>1< is a Lie series generated by the formal Hamiltonian y. If x is
polynomial the series converge on a poly-disk and coincide with a map which shifts
points along trajectories of the Hamiltonian system with Hamiltonian function
Xx. For this reason we will call <I>>1< a time-one map of the Hamiltonian x even in
the case when the series do not converge.

We note that it is easy to construct the formal series for the inverse map:

(I));l(xay) = (exp(—LX)x, eXp(_LX)y) .
- _
Then @) o & '(z,y) = (z,y). We also note that
go®, =exp(Ly)g.

These formula are well known for convergent series and can be extended onto $
due to the density property.



3 Formal interpolation

In this section it will be convenient to set ky = 2, [o = 3 and mg = 6. So we will
order terms in power series supposing that

x is of order 2,
y is of order 3,
¢ is of order 6.

Next theorem states that F. can be formally interpolated by an autonomous
Hamiltonian flow.

Theorem 6 Let F. be a family of area-preserving maps such that Fy(0) = 0 and

D%my—(é})

then there exists a unique (up to adding a formal series in € only) formal Hamil-
tonian

he(‘ra y) - Z hp(x7 Y, 6)7 where hp(x7 Y, 6) - Z hklmxkylgm )

p>6 2k+3l+6m=p

such that
P, = F.. (7)

Moreover, if F. is odd in (x,y) then h. is even.

Before proving the theorem we need a simple technical statement.

Lemma 7 Let f, and g,+1 be quasi-homogeneous polynomial of orders p and p+1
respectively. There is a quasi-homogeneous polynomial hy s of order p + 3 which
satisfies the system
ayhp+3 = fp (8)
_aa:hp-i-?) = Gp+1

dw(gﬁl):o. ()

If exists, the polynomial hy,s is unique in the class of quasi-homogeneous poly-
nomials (up to adding hoome™). Moreover, if f, and g,+1 are odd in (z,y) then
hp+s is even.

if and only iof



Proof. The polynomials can be written in the form:

k1
fr = § ApimT Y €™,
2k+3l+6m=p
k1
Opt1 = E brimx "y €™, (10)
k4314 6m=p+ 1
k. l_m
hpyzs = E Primz™y'e™ .

2k+31+6m=p+3

Substituting these polynomials into the equations and collecting similar terms we
see that (9) is equivalent to

kagi—1m +lbg—10m =0, k,1>0 (11)
and (8) is equivalent to

Ak 1—1,m

br—
Pk = —7 for | >0 and Ay, = ———tbm

k

Equalities (12) are compatible if and only if (11) is satisfied. We note that the
equations do not involve the coefficient hgg,, which can be chosen arbitrarily.

If f, and g,41 are odd in (z,y), i.e. agy, = 0 and by, = 0 for k+ 1 even, then
him = 0 for k + (I — 1) even (or equivalently for k& + [ odd), i.e. h is even. m

for k>0. (12)

Proof of Theorem 6. The Taylor series for F. : (x,y) — (x1,71) can be
written as a sum of quasi-homogeneous polynomials:

rn=x+y+ pr<l’,y,€),

p21 13
y1=y+cx2+%gp+1(x,y,€), (13)
p>

where f, and g¢,41 are quasi-homogeneous polynomials:
_ k|l
fp(m7y76) - Z fklmx y5m7
2k+3l4+-6m=p

_ k.l
gp-i—l(m? Y, 5) - Z GeimTY em.
2k+31+6m=p+1

The time-one map of h. is given by the Lie series

T+ Lp.x+ )] %Lf{ex

1 o k>2
CI)5($,y)— y_’_LhEy_{_Z%LIZEy )
k>2

where the operator L;_ is defined by

D Oh. D Oh
Or Oy Oy Ox

Lp. () = {p,he} =
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We note that the inequality (5) is satisfied and consequently the formal series is
well defined.

Now we use induction to show that there is a formal Hamiltonian k. such that
the formal series @}  coincides with the Taylor expansion of F. at all orders. We
note the first component of the series starts with the quasi-homogeneous order
2 (i.e. with z) and the second one starts with 3 (i.e. with y). Therefore it is
convenient to consider an order p in the first component simultaneously with the
order p+ 1 in the second one. In this situation we say that we consider a term of
the order (p,p+ 1). The terms of order (2,3) in (7) coincide for an arbitrary h..

To make the combinatorics easier we introduce the notation

LSSO = {907 hs+5} .
Then
Lhagp = {807 ha} = Z {907 hp} = ZLSSO'

p>6 s>1

Note that L, maps any quasi-homogeneous polynomial of order j into a quasi-
homogeneous polynomial of order j + s. So we have

k

s>1 s1+s2+...+sp >k
51,82,.,S>1

= Z Z le--'Lsk(;Oj-

m>k s1+s2+...+sg=m
51,82,...,5>1

Now let us consider the components of @,115 at order (p, p+1). The first component

; 1 =21
Lpx+ ) HLQE;C] =Ly + ) o > Ly...Lyx
' k=2

k>2 » T s14So+...5,=p—2

and the second component

1 =2
Lny+ ) HLZEy] =Ly +) & >, La Ly
. p+1 k=2

k>2 T s14+so+...5,=p—2

Since
LP*Q'CI: = {33', hp+3} ’
Lp—Qy = {ya hp+3}

the equation (7) can be rewritten as

p—2
Ohpts fp_ Z % Z le“‘LSkx
aahy » — k;22 s1+...+spg=p—2 (14)
__ZpTo —
oz p+1 — % > L, ...Lsy



First we check that the equations can be solved for p = 3. Since

f3 = Y,

g = ca’
the equations (14) take the form

Oh

Oh

—a—af = C.’,UQ.
These equations can be easily solved:
2 3

Let us now proceed with the induction step. Suppose that for some p > 4
we have hg, . .., hyyo such that [®] ] (5.041) = [Fe] (5,541) for every s < p—1 where
he =) ;¢ hi with arbitrary hy for & > p+ 2. We want to find h,,3 such that

1 -
[¢h5:|(575+1) - [Fa]
for £ > p+ 3.

The quasi-homogeneous polynomial b, 3 is defined from equations (14) uniquely
up to a function of ¢ if and only if the right hand side is divergence free, which
follows from the area-preservation property due to the following lemma.

(5,541) for every s < p where h, = Zk26 hy with arbitrary hy

Lemma 8 If two families of area-preserving maps for which F.(0) = F.(0) = 0
and

DF.(0) = DF.(0) = ( (1) } )

coincide up to the order (p — 1,p) then the divergence of the respective maps at
the order (p,p+ 1) are equal.

Proof. We can write the map in the form
E:(I>Fﬁ(x+y+f@W£)>'
y y+g(z,y,e€)

Since F is area-preserving we have

14+0,f 1+0,f

=1
0r9 1+ 0,9

det DF, = ‘

which is equivalent to
Ouf + 049 +{f, 9} — 0:g = 0. (17)
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Similar identities are valid for F.. We use the tilde to distinguish between the

maps. We have f; = fr and gx+1 = gro1 for £ < p—1. We use the area-preserving
property (17) and collect the terms of order p — 2

amfp + 8yngrl - aacgp + Z {fk7gl} =0,

k+l=p+3
k>4

which we reorder as

8xfp+8ygp+1 = axgp_ Z {fkagl}

k+l=p+3
k>4

axfp + aZ,I/g/p-i-l .

So the divergences are equal. m

We finish the proof by the following observation. The right hand side of (14)
depends on hy with k£ < p+ 2. Let he = Zi:é hi. The maps QD%S and F. satisfy
the assumptions of the previous lemma therefore their orders (p,p + 1) have the
same divergence. That is the solvability condition for the equation (14). The
even property of h. for odd F. follows from Lemma 7. m

Now we will proof the interpolation theorem for a family with diagonalisable
Jacobian.

Theorem 9 Let F. = ( 5‘58’ Z; ) be a family of area-preserving maps such that
Fy(0) =0 and

DFy(0) = ((1) ?)

then there exists a unique (up to adding a formal series in powers € only) formal
Hamiltonian

he(x7y) = th<l’,y7€>, where hp<x7y7€) - Z hklmxkylgm )

>3 k+1+3m=p

such that
P, = F.. (18)

Moreover, if f. is odd in x and g. is even in x then h. is odd in x.

Proof. We assume that
x is of order 1,

y is of order 1,
¢ 1is of order 3.

The rest of the proof is similar to Theorem 6 so we briefly describe the necessary
modifications.

13



We can write the Taylor series for F. : (z,y) — (x1,y1) as a sum of quasi-
homogeneous polynomials:

T =T+ Z fp(xay>5)a

p>2
Y1 =y+ Z gp<x7y7€)7

p>2

where f, and g, are quasi-homogeneous polynomials:

fp(may7€) = Z fklmxkyl€m7
k+14+3m=p

gp(ma Y, 5) = Z gklmxkylgm'
k+14+3m=p

In Lemma 7 instead of (8) we have

ayhp-H = fp
_axthrl =0Gp

div(fp):O.
9p

If f, is odd in = and g, is even in x then h,;; is odd in z.

' y y 9<:!>y75> ‘

instead of (17) of Lemma 8 we have

instead of (9) we have

diV( g ) +{f.9} =0,

which is used to check the solvability condition for h,. On the first step hs should
be find in the form of a third order polynomial in x and y which depends depends
on fy and gs.

In the rest the proof is essentially the same as in Theorem 6. m

4 Simplified normal forms: iy =1 with the non-
diagonalisable linear part.

In this section we show that the formal Hamiltonian constructed in the previous
section can be substantially simplified by a formal canonical change of variables
leading to the unique normal form. This results extends earlier results of [2] onto
an one parametric unfolding of the nilpotent Hamiltonian singularity.

Similar to the previous section we write h as a formal sum of quasi-homogeneous
polynomials.

14



Proposition 10 If h(z,y,c) = % + b2 + 37 o7 hplx, y,€) where

hp(xa Y, 5) = Z hklmxkylgm

2k+3l4+-6m=p

then there exists a formal canonical substitution such that the Hamiltonian takes
the form

N 2
h(z,y,e) = % + ba® + Z U 2™, (19)
k+3m>4

Proof. We prove the theorem by induction. The leading order of the Hamiltonian

has the form )

he(, y,€) = % + ba. (20)

Suppose we transformed the Hamiltonian to the desired form up to the order p
with p > 6. We will find a quasi-homogeneous polynomial x, such that h = hoq))lcp
has the desired form up to the order p + 1.

For any quasi-homogeneous polynomial x, of order p we have

h = exp(Ly,h) =h+{hxp} + O s
= h+{he, Xp} + Opio,

where 6k denotes a formal series which starts with a quasi-homogeneous polyno-
mial of order k. We see that this change does not affect any term of order less or
equal p. Collecting all terms of order p 4+ 1 we get

hpi1 = hpi1 + {he, Xp } - (21)

Let p+1 = 3q+r with r € {0, 1,2}. The largest possible power of y in k1 does
not exceed ¢ and we can write

hp1 = Z v ug(z,e)  and By = Z Yy Uy, e),

0<i<q 0<i<q

(3l+r) even (3l+r) even
Xp = Z Y orgaa (2, €), (22)
0<i<q
(8l4+r—1) even

where u;, 4; and v; are quasi-homogeneous polynomials in z and ¢ of order j.
In order to simplify our notation we allow v; with 7 < 0 assuming that v; = 0 if
7 <0.

Taking into account

o _ 0

_ 2
{he, xp} = 3bx Dy pe

15



and collecting terms of the same order in y we get (excluding the y-independent
terms) from (21):

avr+3l+2

0<I<qg-—1. 23

Typysr = Upysr + 3b(q + 1 — D2, 454 —
We choose v,.43419 such that 4,3 = 0.
If p+1=3q+ris odd then the last equation is at y' and v, 43,1 is defined
such that ,3,-3 = 0 and so, h,y; = 0.
If p+ 1 is even then the last equality is at y:

Usgr = Usgsr + 30270341, (24)

where v3,4,_4 = v,_3 was defined from (23) on the previous step with [ = ¢ — 1.
~ We have got u; = u; = 0 except u,;1. So, we can construct y, such that
hp1(x,y,€) = Upt1(z, €) is independent from y. m

Theorem 1 follows from Theorem 6, equation (16) and Proposition 10.

Note that further simplification of the Hamiltonian h. is possible. Indeed,
if in (23) » +31 +2 = 0 mod 6 then v, 3,5 is defined up to const e"+3+2)/6,
Therefore in (24) the polynomial v,_3 is defined by (23) up to an arbitrary quasi-
homogeneous polynomial in (z3,€). So, if b # 0 we can use this freedom to
eliminate z* for k = 2 mod 3 in h.

We will prove a more general result:

Proposition 11 Let

v

5 + bx"™ + Z Croma™e™

k+nm>n

h(z,y,€) =

with b # 0, n > 3. Then there exists a formal canonical change of variables such
that the Hamiltonian takes the form

N 2
h(z,y,e) = % + ba" + Z Upm "™, (25)

k+nm>n
k#—1 mod n

The coefficients of the series are defined uniquely. If h is even in (z,y) then h is
also even in (x,y).

Proof. We will use the following ordering of variables:
e 1 is of order 2;

e y is of order n;
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e ¢ is of order 2n.

Then h can be written as h =3 ., h,, where

2

Y n

h2n = §+b$ )

h, = Z ComX™e™, p>2n.
2k+2nm=p

Let x, be a quasi-homogeneous polynomial of order p > n + 4. After the change
of variables given by <I>)1(p the Hamiltonian takes the form

ﬁ = exp(LXp)h = h + {h, Xp} + 6217—4 = h + {hgn, Xp} -+ 5p+n—1 + 62p_4 .

Consequently Ek = hy for k < p+n— 2 and

hpin—2 = Ppin—2+ {hon, Xp}- (26)
We will consider the homological operator

0 0
L(xp) = {han, xp} = nba" 122 _ , CXp

Jy ox (27)

Let p+n—2=gn+r withr € {0,1,...,n — 1}. Then Eern,g and hpyi,—o can
be written as

hp+n—2 = Z ylﬂn(q—l)-l-f(m?g)? hp+n—2 = Z ylun(q—l)-i-?”(x?g)?

0<i<q 0<i<q

where u; and u; are quasi-homogeneous polynomials in (x,¢) of order j. The
highest power of y in X, does not exceed

[g}: g—1 ifre{0,1,...,n—3},
n q ifre{n—2mn-—1}

Moreover if » = n — 1 then p = gn + 1 and X, does not contain the term
proportional to y? because the orders of x and e are larger or equal 2. So,

Xp = 6r,n—2quO + Z ylvp—nl(x7 5)7 (28)

0<i<qg—1

where 0, ,_9 is Kronecker symbol. Calculating %—32’ and % and substituting them
into (27) we get

Lixp) = > nb(l+ Dy'a" vp iz, e)
0<i<qg—2
OVp_n(1-1
8, _ombqy? lvgz™ ! — 1Z%p—n(l-1) ‘
+0rm-anbqy” Mvox Dy (e
1<i<q
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Substituting L(y,) into (26) and considering coefficients of 3’ we get

~ aUT—I—Q
l=gq: = Up — , 29
q e (29)
~ OVppr
l=q—1: Uppr = Upiy + Opm_ombquoz™ " — %, (30)
x
1<1< q—2: an(q—l)—i—r = Un(qg—1)+r (31)
On(g—1)+r
+nb(l + 1)x”*1vn(q_z—2)+r+2 - —(qa;)Jr +2,
l = O : ﬂp+n72 - 'U/p+n72 + nbﬂjnil?}p,n. (32)

We can choose v,49 in (29) such that w, = 0. Similarly we can choose v, 4,12 in
(30) such that @, = 0. If » #n — 2 then v, .2 is unique.

The equations (29)-(31) with u; = 0 can be considered as two recurrent
systems of equations on v, 940k, and on v,y o4y ok, respectively. If r # n — 2 the
polynomial v,_,, is defined uniquely from (31) with [ = 2 and, consequently, the
polynomial @, in (32) is also defined uniquely.

If = n—2 then in (30) we can take an arbitrary vy and vy, 4,12 = v, contains
conste. So, the polynomial v,_,, = vy(,—1) is defined up to an arbitrary quasi-
homogeneous polynomial of order p —n = n(q — 1) in (2™, ¢). Consequently, by
choosing this polynomial in (32) all terms containing z*"*("=Y in %,,,, » can be
eliminated.

We note that if in (29)-(32) u; are even functions of = then v, are odd. And
if n is even then 2"~ ! is odd and 2" v, are even. So, U,4,_2 are even and his
even too.

In order to complete the proof we need to establish uniqueness of the series
(25). Let H, denote the set of all quasi-homogeneous polynomials of order p.
Then L : 'H, — Hpyn—2. We have chosen , on each step such that inM,g is in
the complement to the range of L.

Let us consider the kernel of L. Substituting (28) into equation

L(Xp) =0

and considering the coefficients in front of y' we get equations (29)—(32) with
u; = u; = 0. It’s not difficult to see that dimker L = k if p = 2nk otherwise
ker L is trivial. Since L(hJ, ) = 0 the ker L consists of e~7hJ, only.

Suppose there exist two Hamiltonians h and &’ of the form (25). Then there
exists x = ) ;5, X& such that W = exp(Ly)h. Then b, = hy for k < p+n — 2
and 3 .

h;)—i—n—Q = hpin—2 + L(Xyp)-

Since both A/, , and pr+”_2 are in the complement of the range of L, ﬁ; oo =

hypin—o and L(x,) = 0. Consequently, x, = 0 if p # 0 mod 2n or y, =

18



D 1<j<k a;e"=Ihg, if p = 2nk. Tt means that

X= > o, + Y

1<5<k Jjzp+1

and the &’ and h are also connected by ¥ = > e X3 The order of y is at least
p+ 1 and we can repeat the arguments to show that hp yo = =h »+2 and so on. We

conclude by induction that ' coincides with h at all orders. m
Theorem 2 follows from Theorem 1 and Proposition 11.

5 Birkhoff normal form for gy = —1

Now we consider the case g = —1. As in the case of g = 1 the Jacobian of Fj
has a double eigenvalue and can be non-diagonalisable. The following theorem
follows from the classical results and is included for the sake of completeness.

Theorem 12 If F.(x,y) is a family of area-preserving maps such that Fy(0) =0
and DFy(0) = _01 :1 , then there exists a canonical formal coordinate
change ¢ such that _

F, = Qb_l ofF,o Qb

1s an odd series in the space variables.

Proof. We will use the following ordering:

x is of order 2,
y is of order 3,
e is of order 6.

The proof goes by induction, we normalise the orders (p — 3, p — 2) consecutively
using quasi-homogeneous Hamiltonian flows

E k, l_m
Xp<x> Y, 5) = CrlmT Y € .
2k+3l4+-6m=p

The corresponding Lie series are well defined for p > 6. Now consider the change
of variables B
F. = <I>;pl oF.o Q);p, (33)

we will use the polynomial x, to eliminate even terms at the order (p — 3,p — 2).
Equation (33) is equivalent to

®) oF.=F.0®) . (34)

Xp
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We have

Fg o @;p - Fg + {F67 Xp} + O(2p—8,2p—7)
e\
= Fs + ﬁ + O(p—2,p—1)7
ox

where 5j denotes a series which starts with a quasi-homogeneous order at least
7 or higher. Taking into account the form of the map we get

0@ (1.1) — —l‘—y+fe(xy)——(xy)+5p2
Foo® (2,9) ( oy + 2 (xy)+0p1 ) (35)

The time-one map is given by

6XP O
ol ()= T g I,
! y_dx+02p7

Suppose
= (orERen)
—y + g=(7,y)
Then we have
+0,_
(733771/) P 2

eaten-2] L o

—z—y+ fo(z,y) + 2 B

1 o _
QXPOFE('r7y>_

Substituting this and (35) in (34) and collecting the terms of the order (p—3, p—2)
we get equations for x,:

)| = ), = ) - G- )

G(2. )], = l9:(z. )], o + 22(x,1) + 22 (—2, —y).

We see in the equation that all even terms of 9,x, and 0,x, are doubled and all

odd terms are cancelled. Let us now choose X, such that all even terms of f; and
ge are eliminated. Let x, be an odd polynomial such that

3Xp _ % [fs( )];ziegz’

Oxp __ even

T o % [gc‘:('r?y)]p—Q )

(36)

then [f;(x, y)} and [g.(x,y)],_, are odd. A sufficient condition for existence
3

of x, is zero divergence which follows from the area-preservation property of F..
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Suppose all orders of F. up to (p—4,p—3) are odd. Since F. is area-
preserving we have

det DF. — | ~1+0ufe —140,f.

Doge  —1+0y9. |
which is equivalent to
— (Ocfe + 0yge) + {/fe) 9e} + Oge = 0. (37)
Taking order p — 5 we get
—g%fp—a - %%—2 + k+l;p_5 {fr-a} + %9;9—3 =0.
kl>4

Note that the last two terms are even, hence we conclude that

oh | gt

ox Jy

Hence (36) has a solution .

We have proved that the even part of the order (p — 3,p — 2) with p > 6 can
be eliminated provided all previous orders are odd. To complete the proof we
need a base for the induction. We note that the expansion of the map starts with
the order (2,3). There are no even terms of order 3 or lower (the only term of
order 2 is z, and the only term of order 3 is y). Thereby the induction base is
established. m

6 Unique normal form for py= —1
Now we consider g = —1. We have
—a:—y—l—f(a?,y,€)> 1
F.(z,y) = =—P;(x,y).
(@) ( ~y+g(zy.¢) )

In the case pg = —1 the family F. can be transformed to the Birkhoff normal
form. Then F; is odd (Theorem 12) and h(x,y,e) = > o, hy(7,y,€) is an even
function on the space variables (Theorem 6). Then due to Proposition 11 there
exists a formal canonical substitution such that the Hamiltonian takes the form

_ 2
ey o) =24 Y upa®en

and the coefficients of the series are defined uniquely. Theorem 3 is proved.

21



7 Diagonalisable Jacobian
We will use the following ordering:

x is of order 1,
y is of order 1,
¢ is of order 3.

By Theorem 9 there exists a Hamiltonian h.(z,y) = hs + > ., h, such that
F = ®}. The polynomial of the third order h3 depends only on_(:v,y). After a
linear change it can be written as hz = ax® + Bzy? (it is convenient to look for
this change in two steps: first make a substitution (z,y) — (= + cy,y) and then
(,y) — (z,cx + y) swapping « and y using (z,y) — (y, —z) if necessary).

Proposition 13 If a formal Hamiltonian has the form

h(l‘, Y, 5) - CLZE3 + :L‘yz + Z hklmxkylgm
k+14+3m>4

then there is a formal tangent-to-identity canonical change of variables such that
it 1s transformed into

Wz, y,€) = az® + zy? + Az, €) + yB(ay?, €) (38)
where

A(z,e) = Z mxe™ B(zy?,¢) Z b (2?) ) (39)

k+3m>4 k+m>1

The coefficients of the series are defined uniquely. If h is odd in x then h is also
odd in x.

Proof. We will use x, for simplifying h,.;. Collecting all terms of order p 4 1
we get

Ep+1 = hpi1 + {hs, xp} - (40)

p
Yo =3 v uz,e),
=0

p+1 p+1

+1-1,, +1-l
hp1 = E Y’ (@,8),  hpp1 = E Y’ (z,¢)

Let
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where v;, u; and ; are quasi-homogeneous polynomials in x and € of order I. Sub-
stituting hy,+1, hpt1 and x, into (40) we get p+2 equalities (for [ = 0,1, ..., p, p+1):

ug = ug—+ puo, (41)
@ = w+[(p— v — 2], (42)
u = w+3alp—1+2)2v_o+[(p—u -2z, 2<1<p-1, (43)
Uy = up+6ar*v,_y — 2a0), (44)
Upr1 = Uppr + 3az’vp 1. (45)
Set vy = —% to make ug = 0. Let
(/3]
v(x,e) = Z U 73me™,
m=0
(/3]
w(x,e) = V! 3™
m=0
(/3]
w(x,e) = Z D! 3me™,
m=0

We will choose v, such that u; takes the simplest form, i.e. v, vanishes if possible.
Equations (42)-(43) for v; can be written as

2zv; — (p— D, = fi(x, ), 1<i<p-—1,

where fi(z,e) = u; — 3a(p — | + 2)z%v;_5, v_1 = 0.
Let fi(z,e) = Eyn/i]o Oma'=3me™ . Then for 0 < m < [I/3 —1/3]

Um [3l — 6m — p|] = o

If I, m, p are such that 3] — 6m — p # 0 then v, can be chosen such that v,, = 0.
But if 3] — 6m — p = 0 then we cannot change vy, by choosing v,,. It takes place
if p=3s,1 = s+2m, i.e. h and h have the same coefficients in front of y*+!zke™
(for k> 1, m > 0).

In (44) we put v,(z,e) = SP2 4 ap=3mem Then

[p/3]
zv,,(r,€) = Z(p — 3m) v a3 me™,
m=0
If p — 3m # 0 we can chose v, such that the corresponding terms in u, vanish.

If p— 3m = 0 then in @, does not vanish the term with 2%?/3 i.e. in 7Lp+1
does not vanish the term with yeP/3. In (45) v, ; is already defined from (44)
with [ = p — 1. Therefore u,,; does not vanish in general case.
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So, hys1 contains terms with 2™ and y(zy?) ™.

The uniqueness follows from the usual analysis of the complement to the range
of the homological operator based on the equations (41)—(45) with v, = w;, = 0.
[

8 Orientation reversing families
Now we will consider the area-preserving orientation-reversing families.
Theorem 14 If F.(z,y) is a family of area-preserving maps such that Fy(0) = 0

and DFy(0) = ( -1 0

0 1 ), then there exists a canonical formal coordinate change
¢ such that

o 41 _ f(l’,y,éf)
Fa—Qb OFEOCb_(g(LU,y,E))’

where f is odd and g is even in x.

Proof. We will use the following ordering;:

x is of order 1,
y is of order 1,
e is of order 3.

In the rest of the proof is completely analogous to the proof of Theorem 12. m
We can write the map in the form

7 < T > _ ( —r 43 2 fo(,y,€) )
y Y+ 50 0(T,y,8) )7
where f, is odd and g, is even in z, therefore h is odd in x (a proof is similar

to Theorem 9), then hsz = az® + bzy®. By Proposition 13 there exists a formal
canonical change of space variables such that the Hamiltonian takes the form

h(z,y,e) = az® + zy® + Z ampe™ 2 oy Z boke™ (xy?)
k+3m>4 k+m>1

2k—1

and Theorem 4 follows.
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